The proof is essentially the same as that of theorem 2 in [9] , hence omitted. The following theorem is an extension of theorem 2 in [10] . 
Proof. Let F(z)=f(g(z)
). a) / and g are transcendental entire. We consider the following two cases. 
£(N(r, 0, F)-N(r, 0, F))+N(r, 0, g') + O(\og r).

Therefore (2.2) N{r, 0, F')-(N(r, 0, F)-N(r, 0, F))^m(r, G0 + O(log r)^O{m{r, G))
outside a set of r of finite measure. Let p be a zero of f(w). Then pη=ιv 0 .
By the second fundamental theorem (2.3) a-t)m(r, g)<N(r, p, g)%N{r, 0, F)
outside a set of r of finite measure, where t is an arbitrarily fixed number in (0, 1). By (2.1), (2.2) and (2.3)
m(r, g)<0(m(r, G))
on a set of r of infinite measure. By Clunie's theorem [1] we have a contradiction.
Secondly we consider the case (2) . In this case
outside a set of r of finite measure. There are the following two subcases. (2, a) f(w) has infinitely many zeros {w n }n=i-(2, b) f(w) has at most finitely many zeros. In the case (2, a), by the second fundamental theorem,
outside a set of r of finite measure, where t is an arbitrarily fixed number in (0, 1) and M an arbitrarily fixed positive integer. By (2.1) and (2.5)
on a set of r of infinite measure. Since M can be taken arbitrarily large, from (2.4) and (2.6) we have a contradiction. In the case (2, b) f{w) is of the form
where P(w) is a non-constant polynomial and H(w) a non-constant entire function. Suppose that H(ιv) is transcendental entire. Since 
By (2.9) P(w) has at least one multiple zero. Let {a ι } ι be the set of multiple zeros of P(w) and n ι the multiplicity at a t . Put
Then Q{w) is a polynomial satisfying Q(a t )Φθ for every ?. If x is a zero of Q(w), then
Thus by (2.9) x -a % for some z. This is a contradiction. Thus" Q(w) is equal to a constant. Hence deg(P'+Pi7')=Σ(Wi-l).
On the other hand the left side is not less than deg(P). And deg(P)^Σ n τ .
Thus we have a contradiction. Therefore F(z) is pseudo-prime in entire sense.
b) / is a polynomial of degree d (^2) and g is transcendental entire. We consider the same conditions (1) and (2) as in the case a). If the case (2) occurs, then it is easily seen that f(w) must be of the form
where A and B are constants. This is a contradiction, since F(z) has at least one simple zero. If the case (1) occurs, then using the same argument as in the case a) we have again a contradiction.
Theorem 1 is thus proved. We choose open sets {d}T =1 of A satisfying the following conditions.
Problem (A).
(1) \Jc % =A. Then E=C\E 0 is a countable set. Let βe^Ό. If 
Ui(a)=uj(a).
From (3.1), (3.2) and (3.3) we have
Thus from (3.6) and (3.7) we see that if
On the other hand, by (3.2) and (3.5), the set
coincides with the set of distinct α-points {z n } n of f\z). Therefore if
Thus the simultaneous equations
have at most one common root for any constant c. Lemma 1 is thus proved.
Proof of Theorem 2. Let fe(0, 1/2). Then by Lemma 1 and the second fundamental theorem there is a countable set E x of complex numbers such that the conclusion of Lemma 1 holds with E replaced by E x and that
holds on a set of r of infinite measure for every a in C\E λ . Hence by Theorem A f(z)-az is left-prime in entire sense for every a in C\E λ .
We next show the right-primeness of f(z)-az in entire sense (αeC\£i). Let f(z)-az=g{P(z)), where g is transcendental entire and P is a polynomial of degree d (^2). Then f'(z)-a=g'(P(z))P'(z).
From (3.8) g f has infinitely many zeros {w n } n . For sufficiently large n the equation w n =P(z) has d distinct roots, which are also common roots of the simultaneous equations
This is a contradiction. Thus f{z) -az is prime in entire sense for every a in If for some constants a, b (aΦb) the functions f(z) -az and f(z)-bz are periodic with periods x and y respectively, then f\z) has periods x and y. Hence x/y must be a real number. Thus f{z)-az and f{z) -bz are both bounded on the straight line {tx; fe(-oo, +°°)}. This is impossible. Thus f(z)-az is not periodic for every c (GC) with at most one exception.
Therefore by Gross' theorem [3] we conclude that f{z) -az is prime for every a in C\E X with at most one exception. Theorem 2 is thus proved. We choose open sets {cί}£=i of A' satisfying the following conditions.
Problem (B).
(1) \Jcί=A'. E' o , then the set {xk(a)', a^Dί, k -1, 2 
N(r, a, h)>tT{r, h)
holds on a set of r of infinite measure for every complex number a with at most two exceptions. Further we see that for some k (>0) Theorem 3 is thus proved.
5. In this section we shall prove.
THEOREM 4. Let h(w) be a one-valued regular function in 0< | w \ <CΌ, having essential singularities at w=0 and w = oo. Let n be a non-zero integer. Then the set nz is not prime) is at most a countable set.
By the same method as in the proof of Lemma 1 we can show 
LEMMA 3. Let h{w) and n satisfy the assumption of Theorem 4. Then there is a countable set E" of complex numbers such that any two common roots s, t of the simultaneous equations h(w)
J
Proof. Put k(ιv)=-h\w)/nw n -\ Λ"=C-({0}U{/><ΞC-{0}; k\p)=0}).
We choose open sets {c"}~=i of A" satisfying the following conditions.
(1) Ocΐ=A".
I"={(i, j)£ΞNxN; D' ΓΛD' Φ®, r t (x)Έ£r 3 (x) (xSΞD?
f ;;
As in the case of Lemma 1 we can show the following four facts.
1) E"=C\E' 0
; is a countable set. 
Proof of Theorem 4. Put
Let t^(0, 1/2). Then Lemma 3 and the second fundamental theorem imply that there is a countable set E' Q f of complex numbers such that the conclusion of Lemma 3 holds with E" replaced by EH and that the inequalities
2) N(r, c, H a )^tm(r, h(e z ))
hold on a set of r of infinite measure for any complex number c, provided that a is in C\E f o
f . In what follows we shall assume that a is in C\E'ό and prove that H a (z) is prime.
Let H a {z)=f(g{z)).
a) / and g are transcendental entire. We shall make use of Kobayashi's theorem [7] . This idea is due to theorem 3 in [11] . Since H' a (z)=f '(g(z) )g'(z), by (5.1) f'(w) has infinitely many zeros {w n }n=i-Then any root of g(z)=ιv n is also a common root of the simultaneous equations Therefore, since a^EΌ', all the roots of g{z)~w n lie on a straight line of the complex plane (n~l, 2, •••). Thus by Kobayashi's theorem [7] g(z)=P(e Λz )
with a quadratic polynomial P(z) and a non-zero constant A. It is easily seen that A = n/N with an integer A Γ . Thus
H a (z)=-f(P(e nz/Λr ϊ).
Put w=e ZIN . Then
The right side is regular at w==0 but the left side is not. This is a contradiction.
b) / is transcendental meromorphic (not entire) and g is transcendental entire. This case can be treated by the same method as in the case a). c) / is transcendental entire and g is a polynomial of degree at least two. By Renyi's theorem [13] This contradicts (5.1).
d) / is a polynomial of degree d (^2) and g is transcendental entire. By Renyi's theorem [13] g is periodic. Put g(z)=k(e Λz ), where k{w) is a regular function in 0< \w\ <co and A a non-zero constant. Since 0 and oo are essential singularities of H a , they are also essential singularities of k.
Let i be a zero of /'. Then by a&E f 0 ' k(w)=x has at most finitely many roots. Thus f has exactly one zero, say
Since k(w)=x has at most finitely many roots,
N(r, x, g)=O(r)=o(m(r, h(e z ))).
This contradicts (5.2) and (5.3).
e) / is rational (not a polynomial) and g is transcendental entire. Then f) / is rational (not a polynomial) and g is transcendental meromorphic (not entire). This case can be reduced to the case d) or the case e).
Theorem 4 is thus proved.
A remark should be mentioned here. Theorem 4 indicates that there are prime periodic entire functions of arbitrarily rapid growth.
6. In this section we shall give an extension of theorem 1 in [10] . 
Examples. The functions cos z and P(Q(z)e
Sίn ), where P and S are nonconstant polynomials and Q is a non-zero polynomial, satisfy the assumption of Theorem 5. (g(z) ). a) / and g are transcendental entire. By Pόlya's theorem [12] f(z) is of order zero. Let {z n }n=i be the zeros of f'(z).
Proof of Theorem 5. Let F(z)=f
Then by the assumption \f(z n )\ R for every z n with at most one exception. Hence there is a positive number A satisfying For a subset Z of the complex plane and an entire function h, we denote by n(X, h) the number of zeros (counting multiplicity at multiple zeros) of
On the other hand, if M(r, /)> A then by the argument principle
By (6.1) we have
Since the number of the elements of I(r) tends to infinity as r-cc, from (6.2)-(6.5) we have a contradiction. b) / is transcendental meromorphic (not entire) and g is transcendental entire. Then by proposition 2 in [8] where /* is transcendental entire and m a positive integer. By Edrei-Fuchs' theorem [2] / is of order zero. Then by the same argument as in the case a), we have a contradiction. The detail is omitted.
The following corollary is an extension of theorem 1 in [10] . (g(z) ), where g is transcendental entire and P is a polynomial of degree d (<^2). We consider the following two cases. Thus g(z) has infinitely may simple 6-points. Hence F(z)~P(g{z)) has infinitely many simple zeros. This is a contradiction. Secondly we consider the case (2) . In this case P{w) must be of the form P(w)=a(w-b) d with constants a, b. This is a contradiction, since F{z)=P{g{z)) has a simple zero.
Corollary 1 is thus proved.
